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ABSTRACT

In this paper we explore the connection between Weierstrass points of subspaces
of the holomorphic differentials and the geometry of the canonical curve in
PC27!. In particular, we consider non-hyperelliptic Riemann surfaces with invo-
lution and the Weierstrass points of the —1 eigenspace of the holomorphic differ-
entials. The case of coverings of a torus is considered in detail.

1. Introduction

The current paper originated as an attempt to understand the following situa-
tion. If S is a non-hyperelliptic compact Riemann surface of genus 3, then the ca-
nonical curve representing S is a quartic in PC2. It is well known that such a curve
has 28 bitangents; see, for example, [3]. Examples can be constructed where 4 of
these bitangents pass through a common point and the 8 points of bitangency are
the intersection of the curve with a homogeneous quadric.

It is easy to see that any non-hyperelliptic surface S of genus 3 which is a
branched two-sheeted cover p of a torus X satisfies the above condition. In this in-
troduction we shall sketch the proof of this assertion. In (the remainder of) this
paper we generalize this result and hence offer a (possible) explanation of what
really lies behind it.

If S is a non-hyperelliptic surface of genus 3 and S admits a conformal involu-
tion E, then it follows that E has precisely 4 fixed points. This is a consequence
of the fact that on a surface of genus 3, a conformal involution can have either 0,
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4 or 8 fixed points. If the surface has an involution with 0 or 8 fixed points, then
it is hyperelliptic. (If S had a fixed point free involution, then it would cover a sur-
face of genus 2. An unramified two-sheeted cover of a surface of genus 2 must be
hyperelliptic. This result is a special case of the theorem of [2]; see [4] for an ele-
gant and elementary proof of this fact.)

Elementary considerations show that we can choose a basis for the holomorphic
differentials on the surface S so that one of the basis elements (say, #) is E-invari-
ant and the other two basis elements (w;,w,) are anti-invariant under the involu-
tion. The divisor of the invariant differential is P, - - - P4, where the points P;,
Jj=1,...,4, are the fixed points of the involution E. The non-hyperellipticity of
S is enough to guarantee that there is no point on S where two linearly indepen-
dent anti-invariant differentials vanish simultaneously (see Lemma 2); so that f =
wy/w, is an E-invariant function of degree 4 on S.

The fiber f~'(a) over any point « on the sphere € = C U {0} is the divisor of
an anti-invariant holomorphic differential and is therefore canonical and invari-
ant. The map f has 12 branch points (counting multiplicities). A simple argument
shows that f is branched at each fixed point P of E, the branch number of the map
at a fixed point must be odd (because the order of the zero of an anti-invariant dif-
ferential at a fixed point is even; see Lemma 1); so that the branch number of f
at a fixed point of E must be 1 or 3. It thus follows that either f has branch num-
ber 3 at each of the 4 fixed points of E or f is branched at some non-fixed point
Q of E. It follows (because of the invariance of f) that in the latter case f is also
branched at E(Q). From these simple observations, we see that the divisors
f () that contain multiple points (corresponding to branch values a) must be
of the form (i) P* for a fixed point P of E, or (ii) P?P# for two distinct fixed
points P, and P, of E, or (iii) P2QE(Q) with E(P) = P and E(Q) # Q or (iv)
Q*E(Q)? with Q not fixed by E.

Not all of the above possibilities can occur. If case (ii) occurred, then there
would exist on S an anti-invariant differential w with (w) = PP}. Hence the di-
visor of the function 6/w would be P; P,/P; P, and S would be hyperelliptic con-
trary to hypothesis. It is also impossible for all the branching to be accounted for
by case (iii); the maximum contribution to the total branch number for f from such
branching is 4.

It follows from the above considerations that there are 4 distinct E-inequivalent
points Q; (some of these may be fixed points of E') with the property that the di-
visor D, = Q?E(Q;)* = f~'(f(Q)) is canonical and in fact the divisor of an anti-
invariant holomorphic differential wy, on S. We shall show shortly that these 4
differentials determine the 4 bitangents to the canonical curve which pass through
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a common point. Such a bitangent is degenerate and a tangent when a Q; is a
fixed point of E. We embed the surface S into projective space PC? using the
holomorphic differentials of the first kind (to obtain the canonical (model of the)
curve). Perfectly good affine coordinates for the image of a point P € S are given
as (0(P),w;(P),ws(P)).T Let (20,2,,22) denote the usual affine coordinates on
PC?. Choose constants a;,b; so that wg, = @;w; + bjw,. Then the hyperplane
a;z; + b;z, = 0 intersects the canonical curve exactly in the divisor D; and there-
fore corresponds to a bitangent which passes through the point (1,0,0).

We have almost completed our story. To continue, observe that the invariant
function wg, /wg, projects to a meromorphic function on X with divisor p(Q?)/
p(Q%). If we now normalize the torus X by letting p(Q,) = 0, then the {p(Q)),
Jj =2,3,4} are the other three points of order two. This follows from the fact that
wg,/wg, is an invariant function on § whose projection to X has divisor p(Q)Y/
p(Q,)*. Finally, consider the invariant function on S defined by w3, /62. It pro-
jects to a meromorphic function with divisor p(Q;)*/p(P,) - - - p(Py). From this
we conclude that the divisors p(Py) - - - p(Py) and p(Q)) - - - p(Q4) are equivalent.
Thus the divisors O, - - - Q,E(Q;) - - - E(Q,) and P?- - - P on S are also equivalent
and this shows that the former is the divisor of a holomorphic quadratic differen-
tial on S. The last statement is equivalent to the assertion in the first paragraph that
the 8 points of bitangency lie on a homogeneous quadric.

In the general case, we are studying a closed non-hyperelliptic surface S of ge-
nus g > 2 that is a ramified covering of a compact surface X of genus p = 1 and
view S as the canonical curve sitting in PC#~!. There exists a holomorphic invo-
lution E on S with X = S/{E). The involution also acts on PC#~! yielding two
non-intersecting invariant subspaces PC?~! and PCé~7"!, On each of these spaces
FE acts as the identity. From the Weierstrass points for the (g — p)-dimensional
space of E anti-invariant holomorphic differentials of the first kind on S, we con-
struct a finite non-empty collection of special pairs of points on the surface S.
There are at most p(g — p)? special pairs.f Each special pair of points determines
a finite-dimensional family of hyperplanes in PC#~!. Each hyperplane intersects
the curve S at the special points with high multiplicity (at least g — p). The hyper-
plane generally also intersects the curve at 2p — 2 other points. All the hyperplanes
contain the fixed PC”~! mentioned earlier.

tWhen discussing projective embeddings, we will often identify a differential w = #(z) dz on S with
the function h that represents it in terms of the local coordinate z. This will not cause any damage as
long as we use the same local coordinate for all the differentials used to embed the surface.

1Sharp estimates for the minimum number of special pairs are quite delicate. This topic is currently
under study by the authors.
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The general situation simplifies considerably for p = 1. In this case, the dimen-
sion of each family of hyperplanes is zero (each family consists of a single hyper-
plane) and there are exactly (g — 1)? pairs of special points. These pairs may
degenerate in the sense that the two points in the pair coincide. Each hyperplane
intersects the curve at precisely the special points with multiplicity g — 1 when the
pair is non-degenerate. We obtain characterizations of the divisor of special points
in terms of the Jacobian variety of and the Riemann theta function on X.

Our work is related to a paper of Riera and Rodriguez [4] who study the case
g =2 and p = 1. These authors call attention to some work of Poincaré on the
same subject and promise to consider g = 3 and 4 in a future paper. Whereas [4]
considers in detail the Fuchsian uniformization of genus 2 surfaces with nontrivial
involutions (in addition to the hyperelliptic involution), the present work explores
the geometry of the canonical curve of non-hyperelliptic surfaces (of arbitrary ge-
nus) with involutions.

2. Branched two-sheeted covers

We shall be studying two-sheeted holomorphic covers
p:S—-X

of Riemann surfaces. To fix notation, we let S and X be compact Riemann sur-
faces of genus g and p, respectively, p a degree-two holomorphic map between
them, branched at the 2k points Py, P,. .., Py. Riemann-Hurwitz tells us that
g =2p + k — 1. We define the ramification divisor of p by D, = p{Py}p(P;) - - :
p(Pyy). The surface S admits a conformal involution, E, which satisfies po E = p
and fixes the branch points P;, i =1,...,2k.

The points of order two in J(X), the Jacobian variety of the Riemann surface
X, classify the possible branched two-sheeted covers S of X which have the given
ramification divisor. For the convenience of the reader, we proceed to describe this
well-known classification. If p = 0 (then the surface S is hyperelliptic and) we re-
gard J(X) to be a point.

Let k be a non-negative integer and choose 2k distinct points x;, Xz, . . . ; X2¢ O
X. Let D = x; - - - x5;. The degree-two covers of X with ramification divisor D are
in one-to-one correspondence with certain index-two subgroups of II, (X — D),
the fundamental group of the Riemann surface X punctured at the points in the
ramification divisor D.

Let {y1,..-,7p;81,--.,0,) be a canonical homotopy basis for X based at some
point x, that avoids the points x;, j=1,...,2k, and let ¢;, j = 1,...,2k, be a path
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emanating from X, surrounding the point x; and returning to the point x,. We
have described generators for the fundamental group of the surface X punctured
at the points in the ramification divisor. This group, II, (X — D), is generated by
the above 2p + 2k paths subject to the single defining relation

¥4 2k
H [7i,6:] H ¢ = 1,
i=1 j=1

where [,8] = vy 18! is the commutator of v and 8. In order to describe all the
smooth degree-two covers of X — D, it is sufficient to find all index-two subgroups
of the group generated by these paths, and therefore to find all homomorphisms
of this group onto the group with two elements Z,. The kernels of these homo-
morphisms are the desired subgroups.

Each homomorphism is determined by its action on the generators and if we
want to have branching at each of the 2k points in D, we need that the image of
each ¢; be 1. The images of the v; and 8, can be arbitrary (we are using the fact
that 2k is even). We can therefore associate with the homomorphism 4 from the
fundamental group of X — D to the group of order 2, the symbol

h(v.),-..,h(vp)]
h(31),. .., h(8,) |

This symbol can be identified with the point of order 2 in J(X), A, =
133=p (h(8,)e’ + h(v;)7'), where e’ and =’ are the respective i-th columns of
the identity matrix and the period matrix = (whose (i, j)-entry is 7; = [56;, where
{6;;i = 1,...,p} is the basis of the holomorphic differentials dual to the given
canonical homology basis). For the sake of definiteness we use the same point x
as both a base point for the fundamental group of X — D and for embedding X
into its Jacobian variety.

Function theoretically, we are constructing the cover S on which a certain mul-
tivalued meromorphic function f on X — D becomes single-valued. The function
has a square root singularity at each point of the ramification divisor and changes
sign over the appropriate paths according to the homomorphism 4. Existence of
such a function clearly leads to a two-sheeted cover S. Conversely, the existence
of S defines such a multivalued function f as we shall see in the next section (where
we also derive the connection between the function f and the point s, € J{X)).

3. Anti-invariant differentials

We continue with the situation treated in the previous section; that is, Sis a
closed Riemann surface of genus g = 2p + k — 1 with a conformal involution E
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with 2k fixed points (thus the quotient surface X = S/(E) has genus p). It is well
known that the vector space @ = @(S) of holomorphic differentials on S decom-
poses into the direct sum of two subspaces; the E-invariant subspace which we shall
denote by @+ = @ = @£(S) and the E-anti-invariant space which we shall denote
by @~ = Qg = @z(S).

The space @* has (complex) dimension p and consists of the lifts to S of the
holomorphic differentials on X. Each 6 € G* vanishes at each of the fixed points
P; of E. Moreover, the vanishing is always to odd order. In fact, we have the
following

LemMa 1.  Let w be an anti-invariant (respectively, invariant) meromorphic dif-
ferential on S and let P be a fixed point of E, then ordp w is even (odd).

Proor. Choose a local parameter z vanishing at P so that in terms of this co-
ordinate, E is represented by z — —z. Let w be represented by w(z) dz. If w is anti-
invariant under E, then w(E(2))E’(z) = —w(z). This means that w(—z) = w(2)
(that is, w is an even function of the local coordinate z) and shows that w has even
order at any fixed point of E. The argument for invariant differentials is similar.

REMARK. Let D = D, = x; - - - Xz be the ramification divisor of the natural
cover p:S — X, where x; = p(P;). At this point we can construct a multivalued
function on X — D that determines the cover p. If X is of genus 0 and x; # oo for
all /, then we can use the function

2k
f(z) = /H (z-x), z€C.
i=1

If one of the x; equals infinity, then the corresponding term is omitted from the
above product. If p > 0, we let 8 be a non-trivial invariant holomorphic differen-
tial on S and let w be a non-trivial anti-invariant holomorphic differential on S (we
have excluded the case p = 1 and k = 0 (in which case g = 1 also), which is left to
the reader). The anti-invariant meromorphic function f = 8/w on S — p~!(D)
projects to a multivalued function F on X — D that defines the cover. We must
check that continuing F along curves leads to the defining homomorphism % for
the cover. It is obvious from the Lemma that F has square root singularities at the
branch values of p and hence continuation of F along the curves¢;, i =1,...,2k
(defined in the previous section) leads to a change of sign. The anti-invariance of
the function f on S shows that F changes sign after continuation along a closed
path on X — D if and only if the path lifts to an open path in S (that is, if and only
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if the homomorphism A has value 1 on this closed path). One must also check that
the homomorphism 4 is independent of the choices made. If one chooses arbitrary
non-trivial 8; € @} and w; € Qp, then the ratio f;/f, where f| = 6,/w,, is E-invari-
ant and projects to a single-valued function on X. Hence F,, the projection of f,
to X, and F induce the same homomorphism 4 from II, (X — D) to Z,. We will
identify the homomorphism /4 with the point 4, € J(X) by Lemma 4.

An interesting invariant attached to a subspace of the space of holomorphic dif-
ferentials on a compact Riemann surface is the set of Weierstrass points of the sub-
space. These are defined as the zeros of the Wronskian of any basis for the
subspace. Let d be a positive integer. It is easy to see that for a d-dimensional space
® of holomorphic differentials on S, a point P is a Weierstrass point for @ if and
only if there exists a §# € & that vanishes at P to order at least d. Let 6,,...,08, be
a basis for @. We shall denote the Wronskian for this basis by

8, by

W= W(ﬁl,...,()d)=det : : :
9D L. gidh

In the above we have identified the differential 8 with its expression 6(z) dz
in terms of a local coordinate z. It should be checked that W is a holomorphic
d(d + 1)/2 differential and hence its degree is d(d + 1) (g — 1). This latter num-
ber is precisely the number of Weierstrass points, counting multiplicities, of &. For
any P € S, ordp W is the weight of the Weierstrass point P (see [1, I11.5.8] for the
definition).

Assume from now on that p > 0 and if p = 1, that k > 0; it follows that
g = 2. We turn our attention now to the Weierstrass points of @~. This space
has (positive, because of the above restriction) dimensiond =g—p=p+ k-1
and hence the number of Weierstrass points of @7, counting multiplicities, is
(g-pP)g—-pr+DE-)=(p+k-Dp+C2p-2+k).

LemMA 2. (a) Each fixed point of E is a Weierstrass point of @~ of weight at
least (g —p)g—p-D2=(p+k—-1)(p+k-2)/2

(b) For each P € S, there is an v € @ that does not vanish at P except when
S is hyperelliptic and k =0 or 1.

(c) If S is hyperelliptic, k = 0 or 1, and H is the hyperelliptic involution on S,
then every element of @~ vanishes at the 4 — 2k fixed points of the involution
E-H.
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(d) Both 2g — 2 and 2g — 4 cannot be orders of zeros at a fixed point P of E of
elements of Q~. Hence the weight of P with respect to the space Q™ is at most
20g—1)(d—-1)—3d(d-1)+2.

Proor. We begin with (b). Every E-invariant differential necessarily vanishes
at each fixed point of E. It thus follows that if P is a fixed point of E, not all
anti-invariant differentials can vanish at P. If P is not a fixed point of E, and if
all anti-invariant differentials vanish at P, they would also have to vanish at E(P).
Furthermore, we can find a p — 1 dimensional subspace of invariant differentials
which will also vanish at P and E(P). This implies that we havea2p + k-2 =
g — 1 dimensional space of holomorphic differentials on S vanishing at the points
P and E(P). This of course implies that S is hyperelliptic and that E(P) = H(P),
where H is the hyperelliptic involution on S.

Let us assume now that S is hyperelliptic as above. We have seen that the invo-
lution E - H fixes the point P. The action of H on @ is as minus the identity. It fol-
lows that @Qf = @z, and @ = Q.. Since the order of an invariant differential
at a fixed point of an involution (E - H, in this case) must be odd, every element
of @ must vanish at each fixed point of E - H. We must determine which hyper-
elliptic surfaces can occur. The Lefschetz fixed point formula tells us that the num-
ber of fixed points of Ec His 2(1 —trE« H) =2(2 — k). Thus k =0, 1 or 2 are
the only possibilities. The case & = 2 is eliminated because E « H must have fixed
points. Thus we are exactly in the excluded situation of the lemma. This proves
parts (b) and (c¢) of the lemma.

In order to obtain (a), we observe that as a consequence of Lemma 1, the order
of vanishing of an element of @~ at a fixed point of E is even. It thus follows that
the Jowest possible orders of vanishing are 0,2,4,...,2(p + k —2) =2(d —1). For
part (d), assume that there existed anti-invariant holomorphic forms w, that
vanished at P to order 2g — 2 and w, that vanished to order 2g — 4. Then the
E-invariant function w,/w; would be of degree 2 (its only pole would be at P and
then this pole would be of order 2). This function defines a degree 1 function
on X, contradicting the fact that X has positive genus.

Now to compute the highest possible weight of the fixed point P, we note that
the largest collection of orders of zeros at this point of anti-invariant differentials
are

M 0,2(g —d),2(g—d+1),...,2(g - 3),2(g - ).

Subtracting from this sum the sum of the lowest possible orders (d(d — 1)/2), we
obtain the maximum possible weight of the Weierstrass point P for @~.
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RemMarks. (1) For k > 2, each fixed point P of E is a classical Weierstrass point
on S (that is, a Weierstrass point for &) since there exists on S an element of
@~ C @ which vanishes at P to order at least 2(p + k£ — 2) > g — 1. This is a well-
known fact. See, for example, [1, Theorem V.1.7].

(2) Each element of @* vanishes at the fixed points of E. It is obvious that for
each Q € § that is not fixed by E, there is a § € @* that does not vanish at Q (we
lift an element of @(X) that does not vanish at p (Q)).

(3) Each of the excluded cases actually occurs. Consider the hyperelliptic curve
S of genus g given by

g+1 5
w2=T] (22 -¢}),
i=1

where the ef, . . ., §+, are g + 1 distinct non-zero complex numbers. The hyperel-
liptic involution H is given by the map (z, w) — (z,—w) and the involution E - H
is given by (z, w) » (—z,w). The quotient of S by E - H is the curve

g+l
wZ = H (z - eiz):
i=1

of genus [g/2] (here [-] is the “integral part” function) and hence E - H has 4 (2)
fixed points when g is odd (even). If we now consider the involution E given by
(z,w) — (—z,—w) it will have no fixed points when g is odd and two fixed points
when g is even.

(4) For p =1 the result of (d) is sharp. We shall see after the proof of Lemma 6
that for p > 1 it is necessary that k = 1 in order for the upper bound to be attained.
Even in this case there will be further restrictions.

The divisors of differentials in @~ or @* are E-invariant. A Weierstrass point
Q of @~ will be called special if there exists a differential (the space of such dif-
ferentials may have dimension bigger than 1) wy € @~ whose divisor is of the
form QPY*1E(Q)?**"1AE(A), where A is an integral divisor of degree p — 1.
Note that we do not exclude the possibility of Q appearing also in the support of
Aor E(A). We will call wg a special differential corresponding to the point Q. Ev-
ery Weierstrass point of @~ which is not a fixed point of FE is special; fixed points
of F may or may not be special. There must exist special Weierstrass points. Oth-
erwise, only the fixed points of E would be Weierstrass points and each would be
of minimal weight. The total weight of the Weierstrass points would then be

(p+k—1Dp+k=-2k=(p+k-1(p+k)2p—-2+k),

which would imply that p + k& = 1, a case we have excluded.
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LemMa 3. Let Q be a special Weierstrass point for @~ and assume that Q is
not a fixed point of E. Then it is not possible for there to exist anti-invariant
differentials with zeros at Q of orders g — 2 and g — 1. Hence the maximum weight
of such a point (with respect to @) is at most d(p — 1) + (2 — p).

Proor. The proof is similar to the proof of the previous lemma and uses the
fact that for an anti-invariant differential w, we have ordg w = ordg g, w. The de-
tails are left to the reader.

REMARK. The lemma is clearly sharp for p = 1. See also Remark 4 above.

For Q € S, we define 74 to be the weight of the point Q with respect to the
space of anti-invariant differentials (7o = ordg W=, where W~ is the Wronskian
for @7). If Q is a Weierstrass point for @, then so is E(Q). If Q is not fixed by
E, then

TQ + TE(Q) < 2d(p - l) + 2(2 —p)
Similarly, for a fixed point P of E, we have
rp—3d(d—-1)=<2(g—-1Nd—-1)-2d(d—1)+2=2d(p- 1)+ 22 - p).

If Q; and Q, are two distinct special Weierstrass points of G~ or if Q, = E(Q))
or if Q; = O, and we choose (if possible) wp, not to be a multiple of wg,, then
wp,/wg, is a non-constant invariant function on S and therefore projects to a
function on X. Its divisor on X will be p(Q;)?**1p(A;)/p(Q2)P** 1p(4,), with
the obvious meaning for A;, i = 1,2. By Abel’s theorem, the image of this divisor
in the Jacobian variety of X is the point zero. Hence the divisors p (Q;)?**~1p(4,;),
with the Q; ranging over the special Weierstrass points of G, are equivalent. We
proceed to identify their image in the Jacobian variety J(X).

4. The embedding into the Jacobian variety

We continue with the notation of the previous section and concentrate on the
quotient surface X = S/(E). Fix a point x, € X and let & = &, denote the map
of X into its Jacobian variety J(X) via integration from the base point xy. Nor-
mally one studies the map ® from divisors of degree zero on X into the Jacobian
variety J(X). We need to consider a more general class of divisors on X of the
form IT7., /¥, where as usual y; € X, but we permit «; to be a half-integer when-
ever y; is a point in the ramification divisor D and require «; to be an integer
otherwise. We also require that X7, o; = 0. The divisor (F) of a multivalued
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function F that defines the cover p : § — X is precisely of this type. We must exer-
cise some care in defining the map ¢ on these more general divisors.

We represent our surface X as a 4p-sided polygon @ with identifications. The
sides of @ represent the curves in the canonical homotopy basis (vy,...,%p;
81,...,8,) for X with the vertices of ® representing the base point x, (we select
one of these vertices and consider it as a base point for integration). We choose the
polygon so that the points {x,, ..., Xy} in the ramification divisor are in the in-
terior of ® and hence so are the curves {c,,...,C} around these punctures on
X — D. When integrating a differential on a path from the base point x; to a
point x;, j = 1,...,2k, we will insist that the curve along which we integrate stays
inside @ except for the end point x,.

LemMaA 4. Let F be a multivalued function defining the cover p and h, the
point of order 2 in J(X) corresponding to the cover p. Then we have ®((F)) = h,.

ProoF. We adopt the notation of §2. Let (F) =II}.,y/¥, where y; € X, «; is
a half-integer whenever y; is a point in the ramification divisor D and «; is an in-
teger otherwise with 2.7, o;; = 0. The /-th component of the vector ®((F)) is given

by %71 o f;? 6;. To evaluate this expression we note that

n b
dF/F = Y, 0,1, + 2, Bib;,
i=1 i=1

where 7,,} is the unique abelian differential of the third kind on X with simple
poles at y and x (and regular elsewhere), residue +1 at y, residue —1 at x and
[, 7w =0 for I =1,...,p (this last condition must be interpreted on the curve
rather than homotopy level) and 8; is a complex constant for i =1,...,p.

We begin by evaluating both sides of the last equation. First,

f dF/F = log F(end point of v,) — log F(initial point of v,).

v
The initial and terminal points of the above integration are, of course, the same
(on the surface X, not the polygon ®). However, on traversing the path v, the
multivalued function F is multiplied by the constant (—1)*(*?. Here 4 is the
homomorphism from the fundamental group of X — D into Z, defining the cover
p. Hence we se¢ that

‘f dF/Fz Wl(h(’yl) + 2ml)r

vt

tWe are using the symbol 74 to denote weights of Weierstrass points (on S) and the symbol 7,, to
denote abelian differentials (on X). This abuse of symbols should not cause any confusion.



180 H. M. FARKAS AND . KRA Isr. J. Math.

for some integer m,. Similarly,
dF/F = 7rL(h(51) + 2”/),
]

for some integer n;. Second,

n p
f (ZaiTy,«xo + Zﬁioi) =0
v \i=1 i=1

and

n D n P n Yi p
f (Z OiTyxe + > 31‘0:‘) =3, aif Tyixo T Z Bimy=2m E aif 0+ Y, Bima.
& \i=1 i=1 i=1 3 i=] i=1 X0 i=1
The last equality is a consequence of the bilinear relations of Riemann. Compar-
ing the two sets of integrals, we see that

B = m(h(y) + 2m;), i=1...,p
and

p

4

n Yi 1
Olif 6, = 3 ((h(8) + 2n) —
=i X

0

(h(v:) +2mp)my).
1

i=

This completes the proof of the lemma. The argument is a mixture of known meth-
ods. See, for example, [1, 111.6.3 and I11.9.15].

At this point we can give an alternate description of the space @~ in terms of
multivalued differentials. We begin by recalling that an E-invariant meromorphic
function f on S corresponds to a meromorphic function F on X with f= Fep. If

2k n )
(Fy =TT x T »2,
i=1 j=1

J

with x; # y; for all pairs of indices i and j, the a; are integers, the 8, are non-zero
integers with

2k n
Z o; + Z Bj = 0,
i=1 j=1

then

2k n n
() =TT P11 0P TLE(Q)”,
i=1 j=1 Jj=1
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where p(Q;) = y;. Similarly, an anti-invariant meromorphic function f on § is the
lift of a multivalued meromorphic function F on X belonging to the character A
on the fundamental group X — D. (A function F belongs to a character A if con-
tinuing F along the closed curve ¢ on X — D leads to (—1)"()F.) Note that the
nature of our character h forces F to have square root singularities at the points
in the support of D. The relation between (F) and (f) is identical to the one given
for the invariant case with the one important exception that each «; is a half-in-
teger and nof an integer.
Now every element § € RF(S) is the lift of a 6 € @(X). If

2k n 8
(e) = Hxla‘H yjla
i=1 Jj=1
with x; # y; for all pairs of indices i/ and j, the o; are non-negative integers, the 3;
are positive integers with

i=1

2k n

Za,-+ Zﬁj=2p—2,
. j=

then

2k
(8) = I] PP~

i=1 J

0P TL E(Q)%,
=1 j=1

where p(Q,) = y;. Note that

i=1 J

2k n
3 Qo+ 1)+2318,=22p—2) +2k=2g - 2.
=1

Finally, the space @z(S) is the lift of a space of holomorphic Prym differentials
on the surface X — D that belong to the character # and that are permitted to have
half-order poles at the points in the ramification divisor. Again the relation be-
tween the divisors of the muitivalued differential Q on X and its lift w to S is ex-
actly as in the invariant case except that each o; must be half-integer which is not
an integer and at least —1/2. Of course, one may consider arbitrary multivalued
differentials on X belonging to the character 4. For these, we drop the condition
on the bounds of the exponents «; and §;.

LemMA 5. (a) Let Q be an arbitrary non-trivial meromorphic multivalued dif-
ferential on X belonging to the character h. Then ®((Q)) = —2K,, + h,, where h,
is the half-period in J(X) determined by the cover and —2K,  is the image in
J(X) of a canonical divisor on X. Conversely, if D is a divisor on X of degree
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2p — 2 with (D) = —2K, + h,, then there exists a meromorphic multivalued
differential Q on X belonging to the character h with (Q) = D.

(b) Let Q € S be a special Weierstrass point for Qg with wg a corresponding
differential. Write, as usual, (wg) = QYAE(Q)?E(A), where A is an integral di-
visor on S of degree p — 1. Then

®(p(Q)**p(8) = ;8(D,) — 2K, + h,,
where D, is the ramification divisor of p.

Proor. Let F be a multivalued function defining the cover p. An arbitrary mul-
tivalued meromorphic differential £ on X belonging to the character 4 may be writ-
ten as Q = ¢F, with ¢ a meromorphic one form on X. The divisor Z = () is
canonical and hence the first assertion of the lemma is a consequence of the pre-
vious lemma. The converse to part (a) is easily established. For the second asser-
tion, we note that the projection of wg to X has divisor p(Q)% (A)D, V2.

REMARKS. (1) One can (and we do) choose for K,,, the vector of Riemann
constants for the base point x;. See [1, Chapter VI].

(2) If P € S is a Weierstrass point for @™, but P is not special, then we can find
a wp € @~ with (wp) = PP*2AE(P)P**2E(A), where A is an integral divisor of
degree p with P not appearing in A (of course, E(P) = P). For these divisors we
have

®(p(P)***"%p(A)) = 8(D,) — 2K, + h,.

It is interesting to observe that one has a Riemann-Roch type theorem for the
anti-invariant functions on S. We begin with some remarks. The order of an anti-
invariant function at a fixed point of E is necessarily odd and the divisor of an anti-
invariant function must be invariant under E. Every point in p ! (D,), the lift to
S of the ramification divisor, must necessarily appear (to a positive or negative
power) in the divisor of a non-trivial anti-invariant function. This last remark is
a consequence of the fact that for any anti-invariant function f, f— fo E = 2f; so
that if the fixed point P of E is not a pole of f it is necessarily a zero of f.

Let a be an integral divisor on S. We decompose a into a,b where a; is the
largest (in the lexicographic ordering) E-invariant divisor less than or equal to a
(which may be trivial) and b its complement relative to a. From our previous re-
marks it is clear that if we denote by L_[1/a] the vector space of anti-invariant
functions whose divisors are multiplies of 1/ and if we denote the dimension of
L_[1/a] by r_{1/a], then r_[1/a) = r_[1/a].

The divisor a;, may have points of the preimage of the ramification divisor (that
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is, fixed points of E) in its support. Denote these by the divisor P7! - - - Pj where
the a; are positive integers. If any of the positive integers «; is odd, increase it by
one to obtain adjusted divisors ¢’ and a;. Clearly, a; = cE(c) for some integral
divisor con S and r_[1/a,] = r_[1/a;].

LEMMA 6. Let a be an integral divisor on S. Then
r_[1/al =r_[1/a}] = ideg(a}) = (p+ k- 1) +i_[al],

where i_[A] is the dimension of the space of anti-invariant differentials whose di-
visors are multiples of A.

ProoF. The first equality has already been verified in the remarks preceding
the statement of the Lemma. It remains to explain the last equality. The vector
space L{1/a;]1 has a canonical decomposition as the direct sum of subspaces of
invariant and anti-invariant functions. The invariant functions in the space are pre-
cisely those which are the lifts of meromorphic functions from X and therefore
their dimension is computed by the Riemann-Roch theorem (applied on X) to be

r{1/p(c)] = jdeg(a)) ~p + 1 +i[p(c)].
The Riemann-Roch theorem on S gives
r{l/ai]l =deg(al) — 2p+ k—1)+ 1 +ilag].

The difference between r{l1/;] and r{1/p(c)} is r_[1/a]. To obtain the second
equality in the lemma, use the fact that i[a;] = i_[a;] + i,[ai] and i, [a;] =

ilp(c)].

As an example we consider the divisor @ = P?, where P is an arbitrary fixed
point of E on S and / is a positive integer. The formula reads as follows:

r-[%] =l-(p+k—1)+i_[PY].

We have already remarked that the order of an anti-invariant function (differen-
tial) at a fixed point of E is necessarily odd (even) so that r_[1/P?~!] =
r_[1/P¥] and i_[P¥~'] = i_[P¥]. It thus follows that

r'[#] =l-(p+k-1)+i [P¥].

+We use standard notation as in {1, Chapter 111} except that we have substituted square brackets for
parentheses.
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Furthermore, it is also clear that if / < 2k — 1 there are no non-trivial anti-invari-
ant functions in L{1/P?'] (because such a function must vanish at each of the
2k — 1 other fixed points of E). These ideas are helpful in the computation of the
weight of a Weierstrass point for the anti-invariant differentials.

The Weierstrass gap theorem on § asserts that there are precisely g = d + p non-
gaps bigger than 1 and less than or equal to 2g. At a fixed point P of E, these non-
gaps have the following property: the odd non-gaps are non-gaps for the
anti-invariant functions and the even non-gaps are non-gaps for the invariant func-
tions. This is seen by writing an arbitrary function as the sum of an invariant and
an anti-invariant function. Since by Lemma 6, r_[1/P?*¢] = p, we find that in the
sequence of odd integers in {1,2, ...,g] there are precisely p non-gaps and d gaps
for the anti-invariant functions. Therefore in the corresponding sequence of even
integers there are precisely d non-gaps and p gaps for the invariant functions.

With the aid of Lemma 6 and the above observations, we can elaborate on our
earlier remark concerning the sharpness of (d) in Lemma 2. How can the upper
bound given in Lemma 2 be attained? We observed in the proof of Lemma 2 that
the upper bound is attained when the orders of the zeros of the basis for @~
adapted to the point P are given by (1) in §3. This implies that i_[P?*#~9)] =
d — 1 which by Lemma 6 implies that r_[1/P?>#"9~1] = p — 1. Recalling that
g —d = p, we conclude that for / =2, ...,p, r_[1/P¥~'] = — 1 since there are
only functions of odd degree in these spaces. It thus follows that among these
p — 1 odd integers 2/ — 1 are non-gaps for the anti-invariant functions. For the re-
mainder of this section “non-gap” means “at P and with respect to the space of
anti-invariant functions.” In particular, 3 is a non-gap which gives us an anti-
invariant function of degree 3. We have already remarked that all the other fixed
points of E are then necessarily zeros of this function; which allows us to conclude
that k < 2.

We have observed above that there are precisely p odd non-gaps < 2g — 1 and
we have thus far accounted for p — 1 of them. The maximum weight is attained
when 2g — 3 is the p-th and last non-gap (again by (1) and the fact that the orders
of the zeros of the anti-invariant differentials are obtained by subtracting one from
the list of gaps). To complete the picture, it remains to consider the (possible) cases
k =1 and k = 2. We assume that p > 1 since the case p = 1 is clarified by Lemma 9.

If k=1, then g =2p and 2g — 3 =4p — 3. It thus follows that 3 and 5 are both
non-gaps. Since the product of a triple of anti-invariant functions is anti-invari-
ant, it follows that 9,11,13, ..., are all non-gaps as well. This leaves only 1 and
7 as odd gaps and by our previous remarks d = 2. Since in our case d = p, we have
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only the possibility of p = 2 and hence g = 4. There is, in fact, an example of such
a surface. It is the Riemann surface of the algebraic curve

w3 =z(z2 = 1)(z% = N2), with A # +1.

This surface permits the involution (w,z) » (—w,—z). The fixed points are the two
points z71(0) and z~!(o0) whose weights are 5 and the remaining Weierstrass
points for the anti-invariant differentials are the points lying over 1,—1,\,—X\ each
of weight 2.

If k =2, then we have g = 2p + 1. If also p = 2, we find, as before, that d =2;
which now however implies 2=d =p+ 2 — 1 = p + 1 which is a contradiction.

5. The canonical model of the curve

Use the notation and conventions of the last two sections. We are now in a
position to continue our investigation of the Weierstrass points of @ ~. We have al-
ready seen in Lemma 2 that the fixed points { P;;i=1,...,2k} of E are all Weier-
strass points for the anti-invariant differentials and that the minimum weight of
a fixed point is d(d — 1)/2, where d = p + k — 1 = dim @. Hence it makes sense
to factor out from the divisor of Weierstrass points the appropriate power of the
lift of the ramification divisor; namely, to factor out the divisor (P, - - - P, )¢t4=172,

LEmMA 7. Let Dy - denote the divisor of Weierstrass points of the anti-
invariant differentials on S with each point repeated according to its multiplicity.
Then we have

Dy~ = (Py--- Py) @ D2AE(A),
where A is an integral divisor of degree pd®.

Proor. It is clear that if Q is a zero of the Wronskian W~ of a given order
then so is £(Q). Thus the only part that needs verification concerns the order of
W~ at a fixed point P of E. We compute

i=d
Ordp W~ = Z Ordp(t)i - d(d - 1)/2,
i=1
where {w;;i = 1,...,d} is a basis for @~ adapted to the point P. Since each
ordp w; is even, ordp W~ differs from d(d — 1)/2 by an even integer.

Before stating our first theorem we need to introduce one more ingredient. We
use the canonical embedding of the surface S into PC2~! (assuming that S is not
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hyperelliptic) and identify the surface with its canonical model. To be specific (for
the purpose of having good coordinates), we shall use a basis for @ to consist of
{61,...,0,;01,...,04}, where {6;,...,0,} is a basis for G and {w,,...,w,)} is
a basis for @z. There is a one-to-one correspondence between hyperplanes in
projective space and abelian differentials of the first kind on the surface. The
hyperplane HP 0 = 3424 \,z; is identified with the abelian differential of the first
kind

p+d—1

p—1
0= Z )\,‘0,'_” + Z >\iwi—p+1'
i=0 i=p

Thus the intersection of S with HP consists of the zeros of the differential 8. The
multiplicity of an intersection point is the order of vanishing of the differential at
the point of the curve. Similarly, the zeros in projective space of a homogeneous
polynomial of degree ¢ can be identified with a holomorphic g-differential on the
surface.

To continue, we can identify PC2~! with the projective space of (complex) lines
PQ@ in the affine space @ of holomorphic one forms on S. By duality, the points
of projective space may also be seen as hyperplanes in PQ. In this context the ca-
nonical map sends the point Q € S to the hyperplane Q{Q] of differentials van-
ishing at Q. The involution E acts on PQ via its action on @. In terms of the affine
coordinates,

E(Zg,...,24-1) = (Zos+++32p=1,=Zps -+ -y~ Tg-1)-
The involution E acts as the identity on the non-empty complimentary subspaces
PCP ' = {(2g,...,2,-1) EPCE Y 2,=0=---=72,,} =PR"
and
PC: 77 = {(29,...,2,-)) EPCE Y 2g=0=---=2, ;] =PQ".
THEOREM 1. (a) The divisor of the Weierstrass points for Qg is

Dy = (Py++ - Py)? V2Q, - Qa2 E(Q1) - - E(Qq2p),

where Qy, . . ., Qg2, are special Weierstrass points on S (and each special Weier-
strass point is one of these or its image by E). Further, Dy, - is the divisor of an
E-invariant (anti-invariant) holomorphic d(d + 1)/2 differential on S when d is
even (odd).

(b) If p = 1, then (d = k and) the divisor Q, - - Qu2E(Q,) - - - E(Qy2) is
k-canonical.
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(c) Assume that S is not hyperelliptic and p = 1. In this case, for each i, the
points Q; and E(Q;) are the points of intersection of multiplicity k of a hyper-
plane in PC2~! with the embedded surface. All these hyperplanes pass through the
point (1,0,...,0).

(d) For non-hyperelliptic S and general p > 0, the points Q; and E(Q;) are the
points of intersection of a hyperplane in PC&~! with the embedded surface of mul-
tiplicity at least d. All these hyperplanes contain the subspace of PC?~! spanned
by the first p coordinates.

Proor. Part (a) has already been established except for the invariance prop-
erty of Dy - which is easily checked.

To prove (b), we note that P; - - - P, is a canonical divisor on § (since it is the
divisor of the lift to S of a non-trivial holomorphic one form on the torus X).
Hence Dy -/(P, - - - Py, )¥*=Y72 is k-canonical.

For parts (¢) and (d), we observe that under the canonical embedding a fixed
point P of the automorphism E gets mapped to

0,...0, w0 (P),...,0q(P)) € PCEL,

For each point Q;, there is a holomorphic differential in @~ with divisor

9E(Q;)?AE(A), where A is an integral divisor of degree (p — 1). There exist
complex numbers A;, j = 1,...,d, with X%, \;w; = wg, and therefore the hyper-
plane X7_; \;z;4,-1 = O intersects the embedded curve in the divisor of wg,. This
proves (d) since the hyperplane contains the subspace spanned by the first p coor-
dinates. In particular, when p = 1, the hyperplane passes through the point
(1,0,...,0).

CautioN. The points Qy, ..., Qy2, include all the special Weierstrass points
but need not be distinct and some of these points might be fixed points of F (that
is, it is possible for P; = Q; for some pair of indices / and j). See below and also
§6 and §7.

We are interested in computing the number N of distinct E-inequivalent points
O, appearing in the divisor Dy, -/(P; - -+ P, )?9=1/2 We write this divisor as
DE(D) (thus D = Q, - - - Qy42,) and we want to determine the number of distinct
points in . By relabeling the indices we may assume that Q,,. .., Qy is the max-
imal list of distinct entries in . We now recall the discussion following the proof
of Lemma 3. We know that deg © = d?p and that the point Q,j=1,...,N, has
multiplicity 7o, in D if it is not fixed by E and multiplicity 4 (rg, — jd(d — 1)) if
it is fixed by E. It thus follows that
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2 R
N> d’p _ (g-p)p ’
dp-1H+2-p (-p-Dp-hH+1

and hence forp=1, N=(g—1)*and forp =2, N=2(g - 2).
We now define

po+1=i_[Q] =i_[QE(Q)]
for a special Weierstrass point Q that is not fixed by £ and
pp+ 1 =i_[P*)

for a special Weierstrass point P that is fixed by E. We need one more definition.
A hyperplane intersects the curve symmetrically with respect to E if whenever R
is a point of intersection of multiplicity « so is E(R). Further, we require that the
multiplicity of a fixed point of E in this intersection be even. This last condition
is vacuously satisfied for p = 1. We have established part of the following

THEOREM 2. (a) Let S be a non-hyperelliptic surface. Let Q;, . ..,Qx be the list
of distinct special E-inequivalent Weierstrass points for @ . Then each point Q in
this list determines a po-dimensional family of hyperplanes that contain PG* and
intersect the canonical curve S at the points Q and E(Q) each with multiplicity at
least d. The other intersections of the curve and the hyperplane are of multiplic-
ity at most 2p — 2. (Note that d = 2p — 2 as soon as g = 3p — 2.) Further, N =
d*p(d(p — 1)+ 2 —p). Forp =1, each py = 0, there are no other points of in-
tersection of the hyperplane and the curve, and we have equality in the formula for
N and in the multiplicity of the intersection points.

(b) The special Weierstrass points account for all hyperplanes that intersect the
curve symmetrically with respect to E and have at least one non-fixed point in the
intersection that has multiplicity at least d or one fixed point in the intersection with
multiplicity at least 2d.

Proor. Part (a) has already been proven. For part (b), let HP be a hyperplane
that intersects the curve symmetrically with high multiplicity. Then the correspond-
ing differential § has divisor

QUE(Q) AP E(8)7.

It follows that either § € @ or § € @~. But 8 cannot be in @* because it vanishes
to even order (possibly order zero) at the fixed points of E. Thus 6 is an wp for a
special Weierstrass point for the space of anti-invariant differentials.
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CautioN. In the statement of part (a) of the theorem, it may occur that Q is
a fixed point of E. In this case there is a single point of intersection of multiplic-
ity 2d instead of two points of multiplicity d.

There are relations between the numerical invariants associated to the special
Weierstrass points. For example, it is easy to establish the following

ProrosiTioN 1. If Q is not a fixed point of E, then

ProOF. The equality i_[Q“] = s implies that the orders of vanishing at Q
of the last s differentials in a basis for @~ adapted to Q are at least d,d +1,.. .,
d + s — 1. The result follows easily from this observation.

ReMark. If we consider the particular case g = 3 and k = 2, then the content
of our last two theorems is that the canonical curve corresponding to the compact
Riemann surface S has 4 bitangents which pass through a common point and the
eight points of bitangency Q,,...,Q4,E(Qy),...,E(Q,) are the zeros of a holo-
morphic quadratic differential on S. It was precisely this result which was the mo-
tivation for this paper as explained in the introduction.

In the next section we shall identify the image in X under p of the divisor
Q1+ Quzp E(Qy) - - - E(Qy2,). More accurately, we will identify the points o(Q;)
on X and the divisor p(Q) - - - p(Qq2,) of degree d*p on X. We have already seen
in the proof of Lemma 5 that for any base point x, on X, there is an integral di-
visor A; (on S) of degree (p — 1), such that

B4, (0(Q)70(4)) = 58, (D,) — 2Ky, + by

We shall characterize the relevant points on the Jacobian variety of X in terms of
the Riemann theta function on X.

6. Theta functions on Riemann surfaces

If X is a compact Riemann surface of genus p = 1 together with a canonical ho-
mology basis {yy,...,vp;01,...,0,) and if {6,,...,0,} is the dual basis for the
holomorphic differentials on X, then we can associate with this data the Riemann
theta function, #, whose value at the point z € C? is 8(z) = 0(z, ), where = is the
matrix whose (i,j)-entry is 7; = faj ;. For the theory of this function, we refer
the reader to [1, Chapter VI]. In particular, the zeros of the multivalued function
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on the surface X (here e is an arbitrary point in C?) y - 6(®,,(y) — e) have been
studied extensively.

THEOREM 3. Let a be a positive integer and let e € CP. The multivalued func-
tion y = 0(a®, (y) — e) has precisely a’p zeros on X (counting multiplicity)
when it does not vanish identically. In this case, the divisor of zeros y,- - - y,z,
satisfies the equation

ae = q)xo(yl e 'yazp) + O‘ZKxo-

The multivalued function vanishes identically if and only if i[x§A] > 0, where A
is an integral divisor of degree p — 1 chosen so that e = &, (A) + K.

Proor. The proof of the first half of the theorem for o = 1 is well known (see,
for example, [1, Chapter VI]) and since the same proof works for an arbitrary pos-
itive integer «, we leave this as an exercise for the reader. We therefore only give
the proof of the second half.

Assume that the function vanishes identically on X. It thus follows that for
each point y on X, a®,,(y) —e = -2, (D(y)) — K,,, where D(y) is an integral
divisor of degree p — 1 on X. Moreover, e = ¢, (A) + K|, for some integral di-
visor A of degree p — 1, since e itself must be a zero of the function. We thus
have a®, (y) — ®,,(4) — K, = —®,,(D(»)) — K,,. In other words, we have
2., (7°D(¥)) = 8, (A) = &, (X5A).

It is a consequence of Abel’s theorem that the divisors y*D(y) and x§A are
equivalent. Thus for an arbitrary point y € X not in the support of x5 A, there is
an fe€ L[1/x5§ A} that vanishes at y to order at least «. Since for a 8-dimensional
space of meromorphic functions on X the possible orders of the functions at most
points y are 0,1,...,8 — 1, we conclude that r{1/x§A] = o + 1 and thus by
Riemann-Roch that i[x§A] = 1. Since the argument is clearly reversible, we have
concluded the proof of the theorem.

COROLLARY 1. If a = p, then for no point e and no base point x, is it the case
that Q — 0(a®, (Q) — e) vanishes identically on X.

Proor. If a = p, then i[x§A] = 0 for every integral divisor A on X of degree
p—1

Consider the casea =d =p+ k — 1, e= h, + &, (D,) — K,,. According
to our theorem and corollary, the multivalued function we are studying has
(p + k — 1)2p zeros on X. We claim that these are precisely the images under p of
the points @y, ...,Qy42, listed in Theorem 1.
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Recall that the points Q; in question are the points for which there exists a
holomorphic differential in @~ with divisor

ij+k—-1E(Qj)p+k—IAQjE(AQj)’

with Ag, an integral divisor of degree p — 1. In Lemma 5 we characterized the im-
age of these points under p. We can now refine our characterization.

THEOREM 4. Let S be a compact Riemann surface of genus g =2p + k — 1
which is a two-sheeted branched cover p of X, a compact Riemann surface of ge-
nus p > 0, with ramification divisor D =x,---Xy;. Let Pi=p " (x;),i=1,...,2k.
Furthermore, let h = h, be the point of order two in J(X) associated with the
cover. Let Dy - = (P, -+ - Py )% 9" V20, - - Qp2, E(Qy) - - - E(Qu2,) be the divisor
of Weierstrass points of @~. Then the multivalued function

Y 0(ddy (¥) — 38, (31 Xo0) + Ky + 1)

does not vanish identically. A point y € X is a zero of this function if and only if
y =p(Q;) for somei=1,...,d%.

Proor. First note that according to Theorem 3 and its corollary, the expres-
sion does not vanish identically on X provided k£ > 0. Assume that k > 0. We pro-
ceed to identify the zeros of the function.

The Riemann vanishing theorem gives that y is a zero of the function if and only
if d®, (¥) — § By (X1 X20) + Ky + B = =, (A(¥)) — K,,, where A(p) is an
integral divisor of degree p — 1 which depends on y. It thus follows that
&, (YIA(Y)) = 18, (xi- - - X24) — 2K, + h. Hence y is indeed some p(Q)).

Assume that & = 0 and the function vanished identically. The above argument
shows that for each y € X, there would exist an integral divisor A(y) of degree
p — 1 sothat &, (y?'A(y)) = —2K,, + h,. This would give that i[y?'A(y)] =
1 (by an argument similar to the one used in the proof of Theorem 3) which is a
contradiction to the above equation since 4, # 0.

It is interesting to note that with a little more work we can get a more interest-
ing result. According to Theorem 3, the zero set {y;;i = 1,...,d*p} of the theta
function under consideration satisfies

did+1)

> (—2K,,).

d
‘bxo(yl ot 'ydzp) = 5 on(xl < Xy) —dh +

Let us first consider the case of even d. In this case, since d?p — kd =
d(d + 1)(p — 1), we see quite easily that y, - - - yz2,/(x; - - - X2, )%? is the divisor
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of a meromorphic d(d + 1)/2 differential. Its lift to S is therefore a d(d + 1)/2
differential and its divisor on S is seen to be Q- - Qu2, E(Qy) - - - E(Qg2,) X
(P, -+ - Py )?9-172 where Q, € S is chosen so that p(Q;) = y;. If we take the case
d odd, then we obtain an anti-invariant d(d + 1)/2 differential on S with the same
divisor as in the even case. We leave the details for the reader.

ProBLeM. From the multivalued function on X, given in the statement of The-
orem 4, we have constructed the divisor of a holomorphic d(d + 1)/2 differential
on S. The Wronskian W~ is also such a differential. Both of these differentials
vanish at the same points. However, we have not been able to show that the or-
ders of the zeros at a given point coincide (except in special cases).

7. Two-sheeted covers of tori

In this section we refine our previous results for the special case p = 1. Thus S
is a compact Riemann surface of genus g = 2 which is a branched two-sheeted
cover p of a torus X. The surface S then has an involution E with 2g — 2 fixed
points Py, ..., Ps,_;.

LEMMA 8. (a) Let P be a fixed point of E. Then both 2g — 4 and 2g — 2 can-
not occur in the sequence of orders of zeros at P of elements of @~. Hence the se-
quence of zeros is obtained by eliminating either 2g — 4 or 2g — 2 from

{0,2,...,2g —4,2g — 2}.

If g =2 or g=3andS is hyperelliptic, then 2g — 2 does not appear in the sequence.

(b) Let Q be a special Weierstrass point for @~ that is not a fixed point of E.
Then the sequence of orders of zeros at P of elements of @~ must contain g — 1
and cannot contain g — 2 and hence consists of

{011’--"g—3’g_ 1}‘

Proor. For (a) let us consider the case of a hyperelliptic surface of genus 3
(with hyperelliptic involution H). If the anti-invariant differential » vanished at
P to order 4, it would also vanish to the same order at (H ¢ E)(P); obviously
impossible (recall that H < E is fixed point free). If S has genus 2, then “the” E-anti-
invariant differential is (H - E)-invariant (H, as before, the hyperelliptic involu-
tion) and hence vanishes at the two fixed points of H - E which are interchanged
by E. The rest of the lemma consists of restatements of earlier results.

LEMMA 9. (a) The weight of a fixed point P of E with respect to the space of
anti-invariant differentials is either (g — 1)(g — 2)/2 or (g*> — 3g + 6)/2. The
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former weight occurs when P*72 is not canonical and the latter occurs when
P22 js canonical.

(b) The weight of a Weierstrass point Q that is not a fixed point of E with re-
spect to the space of anti-invariant differentials is 1.

(c) Let Q € S be arbitrary. Then Q*¢~% is canonical if and only if Q*7%/
P\P,---P,,_, is principal.

Proor. Left to the reader.

What are the classical Weierstrass points (with respect to @) on §? We should
be able to describe them in terms of quantities on the torus X. The Wronskian W
with respect to all the differentials on S is a holomorphic g(g + 1)/2 differential.
This differential is invariant if g is even and anti-invariant if g is odd. Its zeros are
the Weierstrass points of §. Let »; = ordp W, j=1,...,2g — 2. It is easy to show
(since the invariant differential has a simple zero at P) that »; = (g — 3)(g — 2)/2
or v; =2 + (g — 3)(g — 2)/2. The lower value always applies when S is hyper-
elliptic and hence g =3 or g =2. Let Qy,...,Q,, E(Qy), ..., E(Q,) be the other
zeros of W listed according to their multiplicities. Then 2,2&72 vi+2n= g(g?—-1).

Assume now that g is odd. The projection p(W) of W to X has order u; =
v;/2—g(g+1)/4atp(P;),j=1,...,2¢g — 2 and vanishes at p(Q1),...,0(Q).
We note that the possible values of p; are 3(1 — g)/2 and (5 — 3g)/2. (These are
(negative) integers only when g is odd, as expected.) We conclude that the integral
divisors [1272p(P;)~* and II%., u(Q;) have the same degree (n) and are
equivalent.

Assume next that g is even. Then W? is an invariant differential and the cor-
responding analysis with p; = ord,(p, p(W?) shows that szﬁl—zp(Pj)_“/ and
H};, p(Q,-)2 are equivalent divisors. The only possible values for u; are 3 — 3g
and 5 — 3g.

ReMARK. The above relations may also be derived by projecting the functions
W7£@&+D/2 for g odd and W?/98€*D for g even to X, where 6 is a non-trivial E-
invariant differential on X.

As an application we see that for genus 2, the six Weierstrass points on S can be
paired: O, E(Q)), 02, E(Q,), Q3,E(Q3). The product of the cubes of the two
branch values p (P, ) p(P,)? is equivalent to the product of the squares of the im-
ages of the Weierstrass points p(Q,)*0(Q,)?0(Q3)%. As another application we
can consider the case of a hyperelliptic surface of genus 3, where we find that the
Weierstrass points come in pairs Q;, E(Q;), j = 1,...,4, and the product of the
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cubes of the four branch values [T}, p(P;)? is equivalent to the product of cubes
of the image of the Weierstrass points }=1 p(Q,-)3.

The Weierstrass points for @~ are particularly easy to describe in the case we
are considering.

ProrosiTioN 2. Choose a special Weierstrass ( for @) point R, € S. Let us
normalize the torus X so that p(R,) = 0, the origin. Let {Ry,...,R;;0<m <
2(g — 1)?} be the lifts to S of the points of order g — 1 on the torus. Each R; in
this list is a Weierstrass point for the space of anti-invariant differentials. It is a
simple Weierstrass point if it is not a fixed point of E; otherwise it is a point of
weight (g — 1)(g — 2)/2 + 2. The fixed points of E not in the above list are the
remaining Weierstrass points, each of weight (g — 1)(g — 2)/2.

Proor. The special Weierstrass points for @~ are precisely those points Q in
S for which there exists a wy € @ with (wo) = Q*~'E(Q)*™". Such an wg is auto-
matically in @~. Now the E-invariant function wg/wg, projects to a function on
the torus with divisor p(Q)%"/p(R,)¢~". Hence if p(R,) = 0, we see that p(Q) is
a point of order g — 1 on X. Conversely, every point of order g — 1 on X lifts to
a special Weierstrass point on S. The remaining Weierstrass points of @~ must be
fixed points for E and not special.

REMARKS. (1) It is of some interest to compare this last result with the situa-
tion in Theorem 4. The normalization chosen p(R;) = 0 for the torus is equiva-
lent to choosing x, = p(Q;). Thus the origin is a zero of the multivalued function.
We therefore have

0(_%¢XO(X| . 'X2k) + KXO + hp) = 0.

In genus 1, the theta function has exactly one zero at the point (1 + 7)/2 = K,,
for every choice of x,. Hence we can conclude that ~31®, (x1...xu) +h,=0
where xo = p(Q;) and Q, is a special point.

(2) Consider the case of odd genus g. Each point R; gives rise to a canonical di-
visor R§'E(R;)¢~" and thus to the half canonical divisor R{*""?E(R;)~V"2,
These half canonical divisors give rise to points of order two in J(S),

ei = B (RETVZE(R) D) + Ky,

These points of order 2 are independent of the choice of base point x, and the
theta function vanishes at these points of order 2 to even or odd order depending
on the index of specialty of the half canorical divisor used.
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(3) Let us choose the indices so that
P(R)E V2 p(R;)E N2 and p(R,)E 12

are the 3 points of order 2 on X (in addition to the origin). It follows that
(R{R;R;R,)# V"2E(R,RyR,R,)¢~ V"2 is the divisor of a holomorphic quadratic
differential on S.

8. Special choices for the branch points

In this section we study some special two-sheeted covers of tori which we con-
struct by properly choosing the branch values of the cover. In this way we shall de-
termine what it means for a fixed point of E to be a special Weierstrass point of
the space of anti-invariant differentials (hence of weight (g2 — 3g + 6)/2). We
shall be able to determine which covers of genus 3 are hyperelliptic and how to con-
struct these surfaces from the torus.

Let X be a torus with a fixed point x, € X corresponding to the origin in the
usual representation of X as the plane factored by the lattice generated by 1 and
the point 7 in the upper half plane. The torus X has a unique involution ¢ fixing
Xo = 0. It is given by z = —z. The other 3 fixed points of ¢ are the half periods
172, r/2 and (1 + 7)/2. For g = 2, let us now choose 2g — 2 points on the torus
by first selecting g — 1 distinct points x;, i = 1,...,g — 1, none of these of order
2 (that is, none fixed by ¥) and their images under the involution x; = ¥ (x;_z41),
i=g,...,28-2.

Consider now a two-sheeted cover of X branched over these 2g — 2 points. There
are in fact four possible covers which we can construct. Fix one such cover, which
we shall denote by S. We already know that S carries a conformal involution E
with S/{E) = X and E has 2g — 2 fixed points which project to the points x;, i =
1,...,2g — 2, on X. We claim that the involution y of X lifts to S. To verify this
assertion, we study the action of ¥ on the fundamental group of X punctured at
the 2g — 2 points x;.

Let @ be the period parallelogram for the torus X with vertices

(=12 —-1/2,172 - 7/2,1/2 — 7/2,—-1/2 + 1/2}.

We let the origin correspond to the base point of the fundamental group of the
punctured torus (the punctures are points in @). Let 4 and 8 be curves through the
origin that are invariant under ¥, avoid all the punctures, and project to a canon-
ical homology basis on the (unpunctured) torus. It is easy to choose such curves.
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We may and do assume that vy (respectively, é) runs from —1/2 (—7/2) to 1/2
(7/2). Fori=1,...,g — 1, choose the curves c; as in §2. Fori=g,...,2g — 2,
we let ¢; = ¥(¢j—g4+1). The 2g curves we have constructed generate the fundamen-
tal group of the punctured surface.

Let # be the defining homomorphism from the fundamental group of the punc-
tured torus into Z, for the cover p:S — X. Recall that A(c;) = 1 for each i and
that A is arbitrary on v and . Note ¢/ (y) =y~' and ¢(8) =6~'. Hence hoy = —h
and the involution y lifts to every cover S. Let ¥ be a lift of  to S. Since Yo p =
po¥and poFE =pboth E-¥ and ¥ - F are also lifts of y and E« ¥ = ¥+ E. Now
if Q is a fixed point of ¥, then p(Q) is a fixed point of . It follows that the in-
volution ¥ has 0, 2, 4, 6 or 8 fixed points. To be specific, let us choose a point
Qo € S with p(Qp) = 0 and let us choose ¥ to satisfy ¥ (Qg) = Qo. Thus ¥ fixes
the two points over the origin (and ¥ - E interchanges them). To see whether the
two points above another half period, say x, are fixed by ¥, we join the origin to
the point x by a smooth curve in the punctured torus. Then this curve followed by
its image under ¢ is a closed curve through the origin on the punctured torus. The
two points lying over x are fixed by V¥ if and only if the curve we have constructed
is in the defining subgroup of the cover. It thus follows that the two points lying
over 1/2 are fixed by ¥ (and hence interchanged by ¥ - F) if and only if A(y) =
0, and the two points lying over 7/2 are fixed by ¥ if and only if #(6) = 0. A curve
from — (7 + 1)/2 to (7 + 1)/2 through the origin and invariant under Y may be
chosen so that it is homotopic to v followed by 6 followed by one half (g — 1)
of the ¢;. Hence the two points lying over (7 + 1)/2 are fixed provided h(y) +
h(8) + g — 1 = 0. Hence for g odd when h(y) = h(8) and for g even when
h(v) # h(8). We summarize our construction in

LemMA 10. () If g is even, then ¥ has 2 or 6 fixed points. The number of fixed
points for the corresponding map ¥ - E are 6 and 2.

(b) If g is odd, then ¥ has 4 or 8 fixed points. The number of fixed points for
the corresponding map ¥ o E are 4 and 0.

(c) For g =2 and g = 3, the surface S is hyperelliptic if and only if ¥ has the
maximum number of fixed points (6 for genus 2 and 8 for genus 3) in which case
it is the hyperelliptic involution.

In the above construction our only condition on the points x; was that none be
of order 2. The points may be chosen to be of order (g — 1) and not of order 2
provided, of course, that g > 3. In this case, we conclude that the lifts of these
points would be fixed by F and also special Weierstrass points for Q. If we give
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up the ability to lift the involution ¥ of X to S, then we can allow the x; to be
points of order 2. Consider the case of genus 3. The 4 bitangents correspond to 4
pairs of special points on S. By properly choosing the branch values on X, each
such special pair may or may not correspond to a degenerate bitangent (by vary-
ing the complex structure, the two special points not fixed by E may be forced to
coalesce to a single fixed point of E'). We have returned to the situation that moti-
vated this work. It is a good place to end this chapter.

Note added in proof (April 15, 1991). After compilation of this paper one of the
authors recalled a beautiful book that both authors had previously read with great
pleasure. The reader is asked to consult §5.2 (entitled “Why twenty-eight bitan-
gents”) of C. Herbert Clemens’ book A Scrapbook of Complex Curve Theory, Ple-
num Press, New York, 1980) for a further introduction to the problem that
motivated this work.
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